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ONTUMAJIbHbLIE PELUEHUA
MHOIOKPUTEPUAJIbHbIX
KOMBWUHATOPHbIX 3AJA4
HA PASMELLEHUAX

BBeaenue. [Ipu penieHnn nouT KaxxKJ10M CIOXK-
HOHM TIPaKTHYECKOW 3a7add BO3HHMKAET HEOO0XO-
JUMOCTh B PaCCMOTPEHHH €€ MOJEIH CO MHO-
TUMH KPUTEPUSMH. YUUTHIBasg 3TH JaHHBIEC B
HacTofIee BpeMs OypHO pa3BHBAETCS TEOPHS
JTUCKPETHBIX ONTHMH3AIMOHHBIX MHOTOKPHTE-
puanbHBIX 3amad. [Ipu 3TOM HE Bcerja y4uTHI-
BalOTCA MMEIONINecs] KOMOMHATOPHBIE CBOMCTBA
JOTTYCTAUMOM 007acTH. MHOTOKPUTEPHATEHOCTh
B MPHUKJIAJHOM AacleKTe IO3BOJISIET YYeCTh O/l-
HOBPEMEHHO HECKOJIBKO (AaKTOpOB, TOKas3are-
JieH, XapakTepUCTHK U 1aeT BO3MOXKHOCTD aJIeK-
BaTHO MOJIEJIMPOBATh peabHBIE IPOIECCH U
cucteMbl. CodeTaHne TaKUX MPOOJIEM MPUBOIUT
K HWCCIIEJOBAaHUIO MHOTOKPHUTEPHAIBHBIX 3a/1ad
Ha KOMOMHATOPHBIX MHOXKECTBaX. DTH MHpolIIe-
MBI SIBIIAIOTCS CJIOKHBIMU KaXKAasi cama 1o ceoe,
a B COBOKYIHOCTH OHHU TPAaKTHYECKH HE HCCIe-
JOBAJIUCh, T. €. MX M3YYCHHE M pEIICHHE SBIIS-
€TCsl TOCTaTOYHO BaYKHBIM U aKTYaIbHBIM.

MHoroKpuTEepHaIbHbIe 3aJadd  paccMaTpH-
BaroTcs B [1-5], 3amaun KOMOMHATOPHOM OINTH-
MH3alMd Ha Pa3HBIX KOMOWHATOPHBIX MHOKe-
cTBax B [6, 7].

Kax m3BecTHO, OTHMM M3 OCHOBHBIX, (yHIa-
MEHTAJIbHBIX TIOHATHI TEOPUH MHOTOKpPUTEpH-
ANBHOCTH SIBISIETCS TIOHSTHS ONTHMAIBHOTO TIO
[TapeTo, T. €. 3 PEKTUBHOTO PEIICHHUS.

B Hacrosmieit pabore paccMaTpuBaIOTCS 3a-
Jla9M ONITUMHU3AIUHN C HECKONBKHMHU II€JIEBBIMU
dbyHKIMSIMH Ha KOMOWHATOPHOM MHOXECTBE
pa3MenieHnid M TOWCK TapeTo-ONTHMAaTbHBIX
pelleHU.
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Ha mpaktrke Takne 3ajadn BOSHHMKAIOT, KOT/Ia HEOOXOANMO CPOPMyYIHPOBATH U
(hopmManmu3oBaTh B BHJIE KPUTEPUEB PsJl OTACIBHBIX TPeOOBaHUH, KOTOPBIE MPEbsIB-
JISTIOTCSI K ONTUMATBHOMY pemieHnio. OObeIUHUTE 3TH KPUTEPUH B OIWH, 0000MIIeH-
HBIH, He BCET/a L1eIeco00pa3Ho U BO3MOXKHO.

1. ITocTanoBka 3agaum. JJis1 mamsHEHIIIETO U3JI0KEHUS MaTePHATBI UCITOJIb3yeM
MOHATHE MYJIBTUMHOXECTBO, YTO OMPEENAEeTCS OCHOBOM M KPAaTHOCTHIO JJIEMEHTOB
[6]. ITycTh 3amaHo MyJIbTUMHOXKECTBO A ={g1,g2,...,gn}, a S(A)={el,e2,...,en} ero
OCHOBaHHE, KPAaTHOCTb OJIEMEHTOB k(e;)=M;,j€ N,, N +M, +..+M, =M, r1e
e;€ R,, Vje N, . BospmeM npousBosbHOE k € Nn’ UFES k.

VropsinoueHHoit Kk -evi6opKoii MymbTUMHOXKeCTBa A Ha3bIBaeTCs HAGOD

e:(gil,giz,...,gik), (1)
rie g € A Vi€ Ny, Vje Ny, i;#i, ecmu s#t Vs€ Ny, Vi€ Ny.
Omnpenenenne 1 [6]. MHoxecTBO P(A), dIEMEHTAMH KOTOPOTO SIBIISTFOTCS

k -gvibopku Bunma (1) MyJIBTUMHOXECTBA A, Ha3bIBAETCSA EBKIMIOBHIM KOMOWHA-
TOPHBIM MHOKECTBOM, €CIIA JJIS IPOU3BOJLHBIX €Tr0 JJIEMEHTOB e’=(a1,a2,...,ak),

" =(by,b,,....b) BemonmHsIOTCA yenosus: (¢ #e”) < (i€ Jy1a; #b;), 1. €. MHO-
)kectBo P(A) mMeeT Takue CBOMCTBA: JBa dlIeMeHTa MHOKecTBa P(A) oTiamdaroTcs

JIpyT OT ApyTra, €CIA OHH HE3aBHUCHMO OT JIPYTHX OTIUYHUN OTIUYAIOTCS MOPSIKOM
pa3MeIIeHrs CAMBOJIOB, YTO HX 00Pa3yIoT.
COBOKYITHOCTh BCEX YIOPAMOYEHHBIX K -BBIOOPOK Buaa (1) MyJabTHMHOMKECTBa

A Gynem Ha3bpIBaTh OOIIMM MHOXKECTBOM K -pa3MeIleHuit U 0003HAYUM €To Pnkn (A).
WnTepec kK eBKINA0BBIM KOMOMHATOPHBIM MHOKECTBAM CBSI3aH C BO3MOKHOCTBIO
paccMaTpuBaTh UX Kak TOYKH RX | T. . ¢ BOSMOXKHOCTBIO IIOIPY/KEHHS HX B aprdMe-

TUYECKOE E€BKIIUIOBO MPOCTPAHCTBO R*.
IMycte P(A) — 3BKJIMOBO KOMOMHATOPHOE MHOXKECTBO, a € Buaa (1) — ameMeHT

P(A). Otobpaxkenne f:P(A)— Pf (A)c R* maspBaercs MOTPY’KEHHEM MHOKECTBA
P(A) B apubdMeTrnyeckoe SBKIHIOBO IMPOCTPAHCTBO, €CIH f CTaBUT MHOXECTBY
P(A) BO B3aMHOOJHO3HAYHOE COOTBETCTBHEC MHOXECTBY P/ (A) C R* no MpaBUILY:
IS e=(g,-l, s 8 )e P(A), x=f(e), x=(x....x;)€ Pf(A), HMEEM  X; =g;
Vje Ny .

PaccMoTpuM KOMOMHATOPHYIO MHOTOKPUTEPHANIBHYIO 3aJady Ha MHOXKECTBE
pa3MelIeHUH.
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IlycThb auHEelHAas BEKTOP-(hYHKIIHS f HUMEET BU/L
1 2 m
F = x).(e? ("), @)
a MHOXXECTBO JONMYCTHMBIX PpEIICHWH 33Jaydl OMpEAeINseTCs IMepecedeHreM ABYX

k

MHOXeCTB D =X mPnn (A), rne mHOXecTBa X 3aJaHO KOHCUHOM CHCTEMOM JIMHEH-

HBIX HCPABCHCTB

X =(xe R"(a’,x)<b;, je Ny},
rae a’ € R",b;eR, je N, 3)
a MHOX>KCCTBa pa3M€H_IeHI/Iﬁ
xe P (A). )

ITox pemenneM koMOMHATOPHOU 3amauu (2 — 4), OyaeM MOHUMAaTh HaxOXKICHHE
snemenToB P(f,x) — MHOKECTBO NAPETO-ONTUMATBHBIX (3((EKTHBHBIX PEIICHHIA).

CornacHo [5] mas mpou3BoiabHOro X € X HCTHHHO YTBEPXKICHUE:

xe P(f.x) e {ye X 1£(y)2 fx). f(v)= )} =0. (5)

B pabGore [6], paccMoTpeHO pelieHHne 3amad ¢ JUHEHHOW (QYyHKITHEH IeTu Ha
MHO€ECTBE pa3MenieHuil. Kak n3zBectHo Hﬁn (A)= conankn (A) u Ha3BIBaeTCS OOIIMM

MHOT'OI'paHHUKOM paBMemeHHﬁ. HYCTI: OJICMCHTBI MYJIbTUMHOKCCTBA A ynopsao4de-
HBbI TAKUM 06pa30M:

81558y, (6)
TO OOITHI MHOTOTPAaHHUK Pa3MEIICHHUHA Hﬁn (G) 3aj1aeTcsi CUCTEMOM HEPABEHCTB
[ |
Zgjszxiszgn—iﬂ , VOCNg. %
j=1 ic® j=1

Ecnu m; 2k, To neBas 4acTb HEPAaBEHCTB B cucTeMe (7) MOXKET ObITh 3aMEHEHa
HepaBeHCTBaMH g; < x; V;€ N, . Eciu 1, 2k, To npaBas yacTh HEPaBEHCTB B CH-
creme (7) MOKET ObITh 3aMCHECHA HEPABCHCTBAMH X; < g, V; € Ny . Ecnu ycnosust
n, 2k, n, =k BHIOTHAIOTCS BMECTE, TO MHOTOTPaHHHUK Hfm (A) mpeobpasyercs B
Ky0: g/ Sx; S gy, V,EN,.

W3BecTHO M3 [6], 4TO 171 33124l HAXOXKACHUS MUHUMYMa (DyHKIIMK

k
f(x):chxj, (8)

J=1
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> > > > -
rae Coy 2 Ca, ZCay,y 22 Cq s s€ N, ,0e N, , Ha 00LIEM MHOXXECTBE pa3Melle

HUHI Pnkn(A) MHHHMYM JIOCTHTAeTCs B Touke X = (X ,..,X; )€ PT{‘n(G), KoTOpas
YIOBJIETBOPSET yCIOBHAM
Vie N,, )

* . *
Yo, = giVie N; Yo, = n-r+i
€CJIN 3JICMCHTBI MYJIbTUMHOKCCTBA A YHOopsAA04YCHBI COIJIACHO (6), rae r, S KOH-
CTAHTBI, YAOBJICTBOPAOIINUEC YCIIOBUA 1 +s=k , r,Se Nk .

YuuThiBasi BRILICONUCAHHOE, MOKHO ONPEACIUTh YCIOBUS HAXOXKICHUS pelie-
HUSl MHOTOKpUTEpHATbHOU 3a1aun (2), (4) 6e3 nonomHUTenbHbIX yeiaoBui (3). Takyro
MHOTOKPHUTEPHAILHYIO 3a]]a4y Ha30BEM MHOTOKPUTEPUAIBHOUN 0e3yCIOBHOM 3amaveii
C JUHEHHBIMU KPUTECPUSMHU HA MHOXKECTBE pa3MellleHUi. B HEeKOTOpBIX ciiydasx Mo-
JKET OBITh MOJIC3HBIM

VrBep:kaenne 1. Ecin B; — MHOKECTBO IEpPECTaHOBOK O = (0lj,...,0l ) dJe-

MEHTOB MHOKECTBA IIEPBBIX HATYPAIBHBIX YUCEN N , 4TO YIOBJIETBOPSIOT yCIOBHIO

C(’x,- > C(‘x,- >.2 C&,- > C&,- 2.2 C(’X,- , (10)
1 2 s s+l k
TO MHOXeCTBO 3G (EeKTHBHBIX pelneHui 3amaun (2), (4) He MyCcTO, €CIM HE IYCTO

MHOXCCTBO, KOTOPOC ABJISCTCA IMCPECCUCHUCM MHOXKCCTB peH_ICHI/If/’I Ri . HaﬁﬂeHHBIX

JUTSL KaXKI0TO KPUTEpUs <ci,x>,i € N,, OTIEeNbHO:

(R =R+D. (11)
i=1

o *
Jlns mro60i nepecTaHoBKU O = (Qf,..., 0, ) € B, Touka x = (xf...xk)e PT{‘n(A) ,B

Buze (9) mpu ycinoBu (6), IPUHAIICKHUT MHOKECTBY 3 (HEKTUBHBIX PEIICHHM,
Hoxaszamenvcmeo. IlonsatHo, uro ecnmu o€ B, 10 e B;Vie N,,, a mostomy

m?°

E3
Touka x B Buue (9) mpum ycimouu (6) ompenenseT TOUYKY, KOTOpas IMPHHAIJICKUT
OJTHOBPEMCHHO MHOXECTBaM PEUICHUH I KaXKJIOTO0 M3 KPUTEPUEB OTACIHHO (2).

ITosToMy, TOUKa X - ONTHMAaNbHOE pemenue 3anaqm (2), (4).

BrimepaccMoTpeHHOE yTBEpKACHUE HE AaeT OTBETa Ha BONPOC: KAKUE PEHICHUS
HaiineHsl: 3QQeKkTuBHBIE, c1a00 AP PEeKTUBHBIE WK CTPOro ) (HEKTUBHBIE.

Ho opHuM 13 OCHOBHBIX TOHATHH MHOTOKPHTEPUAIBHBIX 3a/1a4, KaK ONPEACICHO
BBIIIE, SBJSETCS MOHSATHA MApeTO-ONTHMANBHOTO pemeHus. Jns KOMOMHATOPHBIX
MHOTOKPHTEPUANBHBIX 3aJad OHO MpEACTaBIsACT 000OLICHHOE MOHITHE TOYKH MaK-
CUMyMa YUCIIOBOH (YHKIHH, T. €. peLICHHE NapeTO-ONTUMAIBLHO, €CIIM 3HAYCHHUS JII0-
00ro M3 KpUTEpUEB MOXHO YJIYYLIUTh JIMIIb 38 CYET yXYAIICHUS 3HAUEHUH OCTalb-
HBIX KPUTEPHEB.

CBoiicTBaM M METOJaM OTBICKAHHSI MAPETO-ONTHMAIBHBIX PEHICHUH MOCBSICHA
JOCTaTOYHO OOIIMpPHAs JTUTEparypa, HO AJs Bblle c(hOpMYITHPOBAHHON 3aJaud KOM-
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OuHaTOpHOW onTuMm3aIuy (2 — 4) HEOOXOAUMO YUIECTh CIEIU(UKY U KOMOMHATOP-
HBIE CBOMCTBA 00JIACTH IOMYCTUMBIX PEIICHHI.

Y1Bepxnenune 2. Ilapero-onTuManbHble pENICeHHsS MHOTOKPHUTEPHAIHHBIX KOM-

OMHATOPHBIX 3aJad HA Pa3MEIICHUSX HAXOISATCS B BEPIIMHAX MHOTOTPaHHHKA pas-
ok
memennit [1,(G) .

Jokazamenvcmeo. Eciin paccMaTpuBaTh MHOTOKPHTEPUAILHYI0 KOMOMHATOPHYIO
0e3ycioBHYIO 3a1a4y (2), (4), TO COTIaCHO YTBEPKIACHHUIO | ONITUMAIIEHBIC PEIICHUS —
TOYKM MHO>KECTBA pa3MEILCHUI Pnkn(A) . Kak m3BectHoO vert Hfm(A) = Pnkn (A), 10O
MPU HAJIOKEHWH JIOTIOTHHUTENBHBIX yciioBuid (3), 3hdeKkTuBHBIC pelieHus Takxke Oy-
IyT B BEPIIUHAX, TOCKOJIBKY yYCIOBUSA (3) TOJNBKO yCEKAIOT 001acTh, KOTOPAst OIHCHI-
BaeTcs cucteMoit HepaBeHCTB (7). [lonsaTHO, uTo ciaydaii D = He paccMaTpUBacTCs.

Teopema nokazaHa.

Hapsiy ¢ MHOXECTBOM MapeTo-ONTHMATbHBIX PEIICHHH KOMOUHATOPHON MHOTO-
KpUTEpUANBHON  3aJlaud  IIeJIECOOOpPa3HO  PacCMOTPETh MHOMXECTBO  IMApeTo-

*
ONITHMAJIBHBIX OIeHOK [3]. Bektop f (x ) IPU TIAPETO-ONTUMATBHOM PENICHHH X

Ha3bIBAIOT MAp€TO-ONTUMAJIBHBIM BEKTOPOM OLICHOK, 4 MHOXECTBO BCEX TaKHX BCK-
TOPOB — MHOXXECTBOM Iap€TO-OINITUMAIbHBIX OLICHOK. O06o3HaYNM

P(r)= £(; (%)= { £x"Je ¥ 1 mpu mexoropont x"€ £ (X)), (12)

rae Y o3HauaeT MHOXECTBO BO3MOYHBIX BEKTOPOB, T. €. ¥ = f(x).

braromapst Hanmm4anio BEITIIEYKa3aHHOM MpsMoi cBsi3u (12) MEXTy MHOKECTBAMHU
3 GEKTUBHBIX PEIICHHN U MapeTo-ONTHMATBHBIX BEKTOPOB MOXKHO MIPUMEHUTD aJro-
PUTM HaXOXXJEHHSI MHOXKECTBA MMapeTO-ONTHUMAJIBHBIX OLEHOK JJIS 33a7a4d KOMOWHA-
TOpHOU onTuMH3aIny (2 — 4), aHaIOTU4IHEIH [3].

Aaroputm

Hlar 1. Jlns Bcex TOouek X = (Xj,..., X; )€ Pnkn (A) onpenenutb MHOXKECTBO

BO3MO>KHBIX OLIEHOK Y = {y1 Y2y }

ImMar 2. OOpa3oBaTb MHOXECTBO IapETO-ONTHUMAJbHBIX OIIEHOK, BBI-
OopaB P(Y)=Y,i=1, j =2, KOTOpbIE COBIMAJAIOT C MHOKECTBOM PEIICHUH Y .

Ilar 3. TIpoBepuTH BHITOTHEHHE HEPABEHCTBA y' >y, eCllH OHO BBIMOTHSIETCS,
TO MEPEHTH K mary 4, vHave NepeTy K mary 6.

Iar 4. Yaanuth U3 TEKyLero MHOKeCTBa BeKTopoB P(Y) BekTop v/, NEepEenTH

K mary 5.
Ilar 5. IIpoBeputh BBIIOJHEHNE HEpaBEHCTBA j < N , €CIIM OHO BBINOJIHACTCH,

TO MOJOXUTh j = j+1 u BepHYThCA K mary 3. B npyrom ciy4yae HeoOXoquMo nepeii-
TH K mary 8.
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Ilar 6. [TpoBepuTH CIIPaBeNIMBOCTL HEPABEHCTBA y' > y/, €CllM OHO BBINOJHSA-
eTCsI, IEPEUTH K mIary 7, WHade BEpHYTHCS K IIary 5.
Iar 7. Yianmurs U3 TEKyNIEro MHOXKECTBA BEKTOpoB P(Y) BekTOop y' M mepei-

TH K mary 8.
Ilar 8. IIpoBepuTth BBIMOTHEHNE HepaBeHCTBA [ < N —1, €clii OHO BBITIOJTHSCT-
csl, TO TOJOXUTh [ =i+1, a 3atem j=1i+1. [locie 3TOro HEOOXOAMMO BEPHYTHCS K

mary 3, MHa4de pacyeThl 3aKOHYUTh. MHOKECTBO MapeTO-ONTUMANIBHBIX OLIEHOK IO-
CTPOEHO MOIHOCTBIO.

CyTb anropuT™Ma COCTOUT B TOM, YTO UICKOMOE MHOXECTBO MapETO-ONTHMAIbHBIX
OLIEHOK 00pa3yeTcs C MOCieA0BaTeIbHBIM yAaJIeHHEM 3a01aroBpeMEHHO W3BECTHBIX
HEONITUMAJIBHBIX BEKTOPOB.

3amada yCIOXHSETCA, ecli 00JacTh BO3MOMKHBIX PEIICHUH OIpenenseTcs He
TOJIbKO KOMOMHATOPHBIMH YCIOBHUSMH, KOTOPBIE ONMUCHIBAIOT KOMOMHATOPHBIN MHO-
TOTPAHHUK pa3MEIIEHNUs, a HAKJIaAbIBAIOTCS €Ile JONOJHUTEIbHBIE OTPAaHUYECHMS.

3akmaiouenue. VccrenoBaHbl penieHnss KOMOMHATOPHOW MHOTOKPUTEPHAIBLHOM
3agaun. OOOCHOBAH MOIXOA K HAXOXKACHUIO 3P PEKTUBHBIX OIICHOK.

JanpHeliee pa3BuTHE JaHHON pabOTHl OyJeT HalpaBJICHO Ha pa3paboTKy airo-
pUTMa U UCCIIEA0OBaHMS MHOXKECTBa (P (PEKTUBHBIX PEIICHUI.

Byner wuccnenoBana 5¢(QEeKTUBHOCTh aNropuTMa IMPH PEUICHUHM KOHKPETHBIX
NpPaKTUYECKUX 3aad.

JI.M. Koneuxina

OIITUMAJIbHI PO3B’A3KH BATI'ATOKPUTEPIAJIbBHMX KOMBIHATOPHUX 3AJIAY HA
PO3MIIIEHHAX

Po3rnspaerses 3agada 6araTokpurepianbHoi KOMOIHATOPHOI onTUMi3anii Ha po3mimeHHsAX. IToka-
3aHO, 10 €(PEeKTHBHI PO3B'SI3KM 3a/ladi 3HAXOMATHCS y BEPUIMHAX 0araTorpaHHHKAa PO3MIIICHb.
IpencraBiaeHo aqrOPUTM 3HAXOJDKCHHS MAPETO-ONTHMAIBHHAX OLIHOK JUI KOMOIHATOpHUX Oarato-
KpHUTEpiaJbHUX 3a/1a4.

L.N. Kolechkina

OPTIMUM DECISIONS OF MULTICRITERION COMBINATORIAL PROBLEMS ON
PLACING

The problem of multicriterion combinatorial optimization on placing is examined. It is grounded,
that the effective decisions of task are in the tops of polyhedron of placing. The algorithm of find-
ing of Pareto-optimum estimations is represented for combinatorial multicriterion problems.
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